
Let 𝒙𝑛 = (𝑝𝑛 𝑞𝑛 𝑟𝑛)𝑇  (initial condition 𝒙0 = (1 0 0)𝑇 ). The transition can be noted as:
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, 𝒙𝑛 = 𝐴𝒙𝑛−1 (𝑛 ∈ ℤ+)

Observe the first two identical row vector. When 𝑛 ≥ 2, with 𝑝1 = 𝑞1 = 1
2  we conclude

that 𝑝𝑛 = 𝑞𝑛 = 1
2𝑝𝑛−1 + 2

5𝑞𝑛−1 = 9
10𝑝𝑛−1. Let 𝒚𝑛 = (𝑝𝑛 𝑟𝑛)𝑇  (with 𝒚1 = (1

2 0)𝑇 ). The
equation is then shrunk into two dimension:
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The question only focuses on the calculation of 𝑟𝑛 = 1
5𝑝𝑛−1 + 𝑟𝑛−1. Note that {𝑝𝑛} (𝑛 ≥

1) decays geometrically with factor 9
10 .

Sum up two side of 𝑟𝑘 equation, for 𝑘 ∈ [2, 𝑛]:
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Considering 𝑛 < 2, the final result:

𝑟𝑛 = {
0 if 𝑛 < 2
1 − ( 9

10)
𝑛−1 otherwise


